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QUASISYMMETRIC GEOMETRY OF SIERPIN´SKI CARPET
JULIA SETS
WEIYUAN QIU, FEI YANG, AND JINSONG ZENG†
Abstract. In this paper, the main focus is on the Sierpin´ski carpet Julia
sets of the rational maps with non-recurrent critical points. We study the
uniform quasicircle property of the peripheral circles, the relatively separated
property of the peripheral circles and the locally porous property of these
carpets. We also establish some quasisymmetric rigidities of these carpets,
which generalizes the main results of Bonk-Lyubich-Merenkov [BLM16] to the
postcritically infinite case. In the end we give a strategy to construct a class
of postcritically infinite rational maps whose Julia sets are quasisymetrically
equivalent to some round carpets.
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1. Introduction
1.1. Quasisymmetric equivalence. Let (X, dX) and (Y, dY ) be two metric spaces.
If there exists a homeomorphism f : X → Y and a distortion control function
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η : [0,∞)→ [0,∞) which is also a homeomorphism such that
dY (f(x), f(y))
dY (f(x), f(z))
≤ η
(
dX(x, y)
dX(x, z)
)
for every triple of distinct points x, y, z ∈ X, then f is called a quasisymmetric
map and (X, dX), (Y, dY ) are quasisymetrically equivalent. A basic question in
quasiconformal geometry is to determine whether two given homeomorphic metric
spaces are quasisymmetrically equivalent.
It is known that the question arises also in the classification of hyperbolic spaces
and word hyperbolic groups in the sense of Gromov [BP02, Kle06]. See also [Bou97]
for the examples of inequivalent spaces modeled on the universal Menger curve.
According to [Why58], a set S ⊆ Ĉ is called a Sierpin´ski carpet (carpet in short)
if S has empty interior and can be expressed as S = Ĉ \⋃i∈NDi, where {Di}i∈N
are Jordan disks with their closures pairwise disjoint and with their spherical di-
ameters diamσ(Di)→ 0 as i→∞. The collection of the boundaries of the Jordan
disks {∂Di}i∈N are called the peripheral circles of S. If each peripheral circle ∂Di
is geometrically round, then S is called a round carpet. All Sierpin´ski carpets are
topologically the same, so the question on classification of carpets up to quasisym-
metric equivalence arises naturally.
Actually, the study of the quasisymmetric equivalences between the carpets and
round carpets was partially motivated by the Kapovich-Kleiner conjecture in geom-
etry group theory. This conjecture is equivalent to the following statement: if the
boundary of infinity ∂∞G of a Gromov hyperbolic group G is a Sierpin´ski carpet,
then ∂∞G is quasisymmetrically equivalent to a round carpet in Ĉ.
The example of rational map whose Julia set is a Sierpin´ski carpet, called carpet
Julia set for short, was firstly found by Milnor and Tan [Mil93, Appendix F]. Later,
it was proved that many rational maps, such as the McMullen maps [DLU05], the
generalized McMullen maps [XQY14], the quadratic rational maps [DFGJ14] and
some higher degree rational maps [Yan18] etc, have carpet Julia sets. Conjecturally,
the hyperbolic components of such rational maps are relatively compact in the space
of rational maps up to Mo¨bius conjugation [McM95, Question 5.3].
Let f be a rational map whose Julia set Jf is a carpet. Two questions arise
naturally:
(Q1) Whether there exist carpet Julia sets such that they are not quasisymmet-
rically equivalent to Jf ?
(Q2) When is Jf quasisymmetrically equivalent to a round carpet?
Let X be a metric space. The conformal dimension of X is the infimum of the
Hausdorff dimensions of all metric spaces which are quasisymmetrically equivalent
to space X. The conformal dimension is invariant under quasisymmetric maps.
For the first question, Ha¨ıssinsky and Pilgrim constructed a sequence of hyperbolic
rational maps with carpet Julia sets, whose degrees tend to infinity, and showed that
their conformal dimensions tend to two [HP12, Theorem 3]. This means that there
are infinitely many quasisymmetrically inequivalent carpet Julia sets. However,
it is of interest to ask whether there exists such sequence of rational maps with
uniformly bounded degrees.
Let distσ and diamσ denote the spherical distance and diameter respectively.
The relative distance ∆(A,B) of two sets A and B in Ĉ is defined as
(1.1) ∆(A,B) :=
distσ(A,B)
min{diamσ(A),diamσ(B)} .
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A set of Jordan curves C = {γi}i∈N is called uniformly relatively separated if their
pairwise relative distances are uniformly bounded away from zero. Specifically,
there exists δ > 0 such that ∆(γi, γj) ≥ δ for every two different i and j. The set C
is uniform quasicircles if there exists K ≥ 1 such that each γi in C is a K-quasicircle.
For the question (Q2), Bonk gave a sufficient condition on the carpets in Ĉ
such that they can be quasisymmetrically equivalent to some round carpets. He
proved that a carpet S in Ĉ is quasisymmetrically equivalent to a round carpet if
its peripheral circles is uniform quasicircles and is uniformly relatively separated
[Bon11, Corollary 1.2]. It is worth to mention that quasisymmetric maps preserve
the uniform quasicircles and uniformly relatively separated properties. However, it
is not hard to see that the peripheral circles of a carpet that is quasisymmetrically
equivalent to a round carpet must be uniform quasicircles but is not necessarily
uniformly relatively separated.
Bonk, Lyubich and Merenkov studied the postcritically-finite rational maps
whose Julia sets are Sierpin´ski carpets. They proved that such carpet Julia sets
are quasisymmetrically equivalent to some round carpets [BLM16, Theorem 1.10].
Moreover, they show that any quasisymmetric map between two critical finite carpet
Julia sets is the restriction of a Mo¨bius transformation [BLM16, Theorem 1.4]. As
a corollary, the quasisymmetric group, consisting of all quasisymmetric self-maps,
is finite [BLM16, Corollary 1.2].
In this article, we study the carpet Julia sets in the postcritically-infinite case
and extend the corresponding results to a more general case.
1.2. Statement of the main results. The ω-limit set ω(x) of a point x ∈ Ĉ
under a rational map f is defined as the set of accumulation points in the orbit
of x. More precisely, ω(x) := {y ∈ Ĉ : there exists a sequence {kn}n∈N such that
limn→∞ f◦kn(x) = y}. Obviously, ω(x) is forward invariant under f . For a given
rational map f , we use Cf to denote the family of the boundaries of the Fatou
components of f . We establish a sufficient condition on the carpet Julia sets such
that they are quasisymmetrically equivalent to some round carpets.
Theorem 1.1. Let f be a rational map whose Julia set Jf is a carpet. If the
elements in Cf are disjoint from the ω-limit sets of the critical points, then Cf
are uniform quasicircles and uniformly relatively separated. In particular, Jf is
quasisymmetrically equivalent to a round carpet.
A critical point c of f is called recurrent if c ∈ ω(c). A rational map f is called
semi-hyperbolic provided that the Julia set Jf contains neither parabolic periodic
points nor recurrent critical points (see [Man˜93] and [Yin99]). It was known that
the Julia set of a semi-hyperbolic rational map is locally connected and has measure
zero or equal to Ĉ.
Theorem 1.2. Let f be a semi-hyperbolic rational map whose Julia set Jf is a
carpet. Then Cf are uniform quasicircles. Moreover, they are uniformly relatively
separated if and only if the ω-limit sets of the critical points are disjoint from the
elements of Cf .
If a rational map is not semi-hyperbolic, then the boundary of some Fatou com-
ponent may not be a quasicircle although it is a Jordan curve. For example, one can
construct a rational map f whose Julia set is a Sierpin´ski carpet but the Julia set
Jf contains a parabolic periodic point. The corresponding parabolic Fatou com-
ponent contains exactly one petal and has infinitely many cusps on its boundary.
Thus the boundary of this Fatou component cannot be a quasicircle. In this case,
Jf cannot be quasisymmetrically equivalent to any round carpet.
As an application of Theorem 1.2, we prove
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Theorem 1.3. There exists a rational map which is critically-infinite in the Julia
set such that the corresponding Julia set is quasisymmetrically equivalent to a round
carpet.
One can also refer to [QYY16] for other non-hyperbolic examples whose Julia
sets are quasisymmetrically equivalent to round carpets.
For a given rational map f , we use Ff and Pf to denote its Fatou set and the
postcritical set respectively. As a generalization of the main result in [BLM16], we
prove the following
Theorem 1.4. Let f, g be two rational maps whose Julia sets are carpets. Suppose
that f is semi-hyperbolic, and that the ω-limit sets of the critical points of f are
disjoint from the elements of Cf , and that ](Ff ∩ Pf ) < ∞, ](Fg ∩ Pg) < ∞.
Then any quasisymmetric homeomorphism between Jf and Jg is the restriction of
a Mo¨bius transformation.
It is worth to mention that g is not assumed to be semi-hyperbolic in advance.
The proof of Theorem 5.2 indicates that g has no Siegel disks. We conjecture that
g turns out to be semi-hyperbolic as well.
If f is a hyperbolic rational map that is not conjugate to zd with |d| ≥ 2, and
whose Julia set is not a circle, an arc of a circle nor the whole Riemann sphere,
then the group of Mo¨bius transformation that keeps Jf invariant is finite (see
[Lev90, Lev01] and also [LP97]). It was proved in [BLM16] that the quasisymmetric
group of the carpet Julia set of a postcritically-finite rational map is finite. We now
extend this result to a more general case.
Theorem 1.5. Let f be a semi-hyperbolic rational map whose Julia set Jf is a
carpet. If the ω-limit sets of the critical points of f are disjoint from the elements
of Cf , then the quasisymmetric group QS(Jf ) is finite.
1.3. Outline of the proofs and the organization of this article. In the first
half part of this article, we are mainly interested in the condition when a carpet
Julia set is quasisymmetrically equivalent to a round carpet. By Bonk’s criterion,
this motivates us to find the condition when the peripheral circles of a carpet Julia
set are uniform quasicircles and when they are uniformly relatively separated.
In order to prove that the peripheral circles of some carpet Julia sets are uniform
quasicircles, we first discuss the periodic Fatou components and prove that they
are quasidisks if their boundaries avoid the parabolic periodic points and the points
in the ω-limit sets of the recurrent critical points (Lemma 3.3). Therefore, all
peripheral circles are quasicircles by using Sullivan’s eventually periodic theorem.
In order to prove the uniformity, we discuss two cases. In the first case, suppose
that all the periodic Fatou components are disjoint from the ω-limit sets of the crit-
ical points. Then for each periodic Fatou component U , one can find a large Jordan
disk V such that V \U is an annulus and all components of the preimages of V \U
are annuli whose moduli have uniform lower bound. By using a distortion argu-
ment, one can prove that all peripheral circles are uniform quasicircles (Proposition
3.4). In the second case, suppose that the rational map is semi-hyperbolic. Then
the corresponding Julia set (and hence all the periodic Fatou components) contains
neither parabolic periodic points nor recurrent critical points. One can also prove
that all peripheral circles are uniform quasicircles by using Man˜e´’s theorem and its
variation (Theorem 2.6, Lemma 2.7 and Proposition 3.5).
In order to prove that the peripheral circles of some carpet Julia sets are uni-
formly relatively separated, we first establish a lemma which asserts that the mod-
ulus can control the relative distance (Lemma 2.1). Then we prove the peripheral
circles are uniformly relatively separated by showing that all moduli of the annuli
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between two different peripheral circles have a lower positive bound (Proposition
3.6).
In the second half part of this article, we study the quasisymmetric rigidity of
the carpet Julia sets of semi-hyperbolic rational maps. For this, we need to prepare
two important ingredients: the first one is to establish the locally porous property
of the Julia sets of semi-hyperbolic rational maps (Theorem 3.8), and the second
one is the dynamics on the Fatou components of the rational maps whose Julia set
is locally connected (§4). With these two ingredients in hand, we can prove two
stronger results (Theorems 5.2 and 5.3) such that Theorems 1.4 and 1.5 are their
corollaries by combining some conclusions obtained in [Mer12, Mer14] and making
a detail analysis on the classification of the Mo¨bius transformations.
This article is organized as follows:
In §2, we prepare some distortion lemmas for the proofs of Theorems 1.1 and
1.2. In particular, we prove that the modulus can control the relative distance.
In §3, we first prove some propositions about the properties of uniform quasi-
circles and uniformly relatively separated. Then we prove Theorem 1.1 by using
Bonk’s criterion. We also discuss the non-uniformly relatively separated property
and prove Theorem 1.2 by combining Bonk’s criterion and Man˜e´-Yin’s character-
ization on semi-hyperbolic rational maps. We will finish this section by proving
that a semi-hyperbolic rational map with carpet Julia set is locally porous.
In §4, we give a characterization of the dynamics on the Fatou components of
a rational map whose Julia set is locally connected and the intersection of the
postcritical set with the Fatou set is finite.
In §5, in order to obtain Theorems 1.4 and 1.5, we will prove two stronger results
(Theorems 5.2 and 5.3).
In §6, using the combinatorial method and renormalization theory, we construct
a critically-infinite semi-hyperbolic rational map whose Julia set is quasisymmet-
rically equivalent to a round carpet and hence prove Theorem 1.3 (see Theorem
6.2).
1.4. Notations. We list here some notations that will be used throughout in this
article.
• C, Ĉ and D are the complex plane, the Riemann sphere and the unit disk
respectively.
• A, ∂A and int(A) are the closure, the boundary and the interior of a set A
respectively.
• Two sets satisfying A b B means that A ⊆ int(B).
• Let z ∈ C, E ⊆ C and r > 0. We denote B(z, r) := {x ∈ C; |x − z| < r} and
diam(E) := sup{dist(x, y);x, y ∈ E}, where dist(x, y) := |x − y| is the Euclidean
metric.
• Let z ∈ Ĉ, E ⊆ Ĉ and r > 0. We denote Bσ(z, r) := {x ∈ Ĉ; distσ(x, z) < r}
and diamσ(E) := sup{distσ(x, y);x, y ∈ E}, where distσ(, ) is the spherical metric.
• The set of critical points of a branched covering map f is denoted by Crit(f)
and by Pf the set of postcritical points.
• The Julia set and the Fatou set of a rational map f are denoted by Jf and Ff
respectively.
• The family of Fatou components is denoted by Comp(Ff ) and the family of
boundaries of Fatou components is Cf .
2. Some distortion estimations
In this section, we give some distortion estimations and useful lemmas, which
will be used in the following sections.
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2.1. The modulus controls the relative distance. Let A be an annulus with
non-degenerated boundary components. Then there exists a conformal map sending
A to a standard annulus {z ∈ C : 0 < r < |z| < 1}, where r > 0 is uniquely
determined by A. The modulus of A is defined as mod(A) = 12pi log(1/r), which is
invariant under conformal maps.
Recall that the relative distance ∆(A,B) of two subsets A and B in Ĉ is defined
in (1.1). Now we prove that relative distance of two disjoint Jordan curves can be
controlled by the modulus of the annulus between them.
Lemma 2.1 (Modulus controls the relative distance). Let A ⊆ Ĉ be an annulus
with two boundary components γ1 and γ2. If the modulus of A satisfies mod(A) ≥
m > 0, then there exists a constant C(m) > 0 depending only on m such that the
relative distance of γ1 and γ2 satisfies ∆(γ1, γ2) ≥ C(m) > 0.
Proof. Without loss of generality, we assume that A ⊆ C, γ1, γ2 are not singletons
and 0 < diam(γ1) ≤ diam(γ2) and
(2.1) dist(γ1, γ2) = |x− y|
for x ∈ γ1 and y ∈ γ2. There exists a point z 6= x in γ1 such that |x − z| =
supa∈γ1 |a− x|. Therefore, we have
(2.2) diam(γ1) ≤ 2|x− z|.
Consider the linear function h(t) = (t− x)/(x− z), which maps x, y, z to 0, (y−
x)/(x− z) and −1. Then h(A) is an annulus separating the points 0 and −1 from
h(y) and ∞. Let
R = |h(y)| = |(y − x)/(x− z)|.
By Teichmu¨ller’s Module Theorem (see for example, [LV73, p. 56]), we have
m ≤ mod(A) = mod(h(A)) ≤ 2µ
(√
1
1 +R
)
,
where r 7→ µ(r) is a continuous and strictly decreasing map defined on the interval
(0, 1). By (2.1) and (2.2), this means that the relative distance of γ1 and γ2 is
∆(γ1, γ2) =
dist(γ1, γ2)
diam(γ1)
≥ |x− y|
2|x− z| =
R
2
≥ 1
2
(
1
(µ−1(m/2))2
− 1
)
:= C(m).
The proof is complete. 
2.2. Distortion on the shape and turning. Let U be a proper subset of C and
z ∈ int(U). The shape of U about z, denoted by Shape(U, z), is defined as
Shape(U, z) =
supw∈∂U |w − z|
infw∈∂U |w − z| =
supw∈∂U |w − z|
dist(z, ∂U)
.
It is obvious that Shape(U, z) =∞ if and only if U is unbounded and Shape(U, z) =
1 if and only if U is a round disk centered at z. In other cases, 1 < Shape(U, z) <∞.
Note that for any domain Ω bounded by a K-quasicircle, there exist a point z ∈ Ω
and a constant C(K) ≥ 1 such that Shape(Ω, z) ≤ C(K).
Let E be a non-degenerated continuum (non-singleton, connected and compact)
in C. For any z1, z2 ∈ E, the turning of E about z1 and z2 is defined by
Λ(E; z1, z2) =
diam(E)
|z1 − z2| .
It is easy to see that 1 ≤ Λ(E; z1, z2) ≤ ∞ and Λ(E; z1, z2) = ∞ if and only if
z1 = z2.
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Lemma 2.2 (Distortion of the shape and turning when pullback, [QWY12, Lemma
6.1]). Let Ui b Vi 6= C be a pair of Jordan disks with mod(V2 \U2) ≥ m > 0, where
i = 1, 2. Suppose that f : V1 → V2 is a proper holomorphic map of degree d ≥ 1
and U1 is a component of f
−1(U2). Then there are two positive constants C1(d,m)
and C2(d,m) depending only on d and m, such that
(1) For all z ∈ U1, the shape satisfies
Shape(U1, z) ≤ C1(d,m) Shape(U2, f(z)).
(2) For any connected and compact subset E of U1 with the cardinal number
]E ≥ 2 and any z1, z2 ∈ E, the turning satisfies
Λ(E; z1, z2) ≤ C2(d,m) Λ(f(E); f(z1), f(z2)).
The lemma stated above means that the shape and the turning of the interior
boundary of an annulus can be controlled under a proper holomorphic map if the
modulus of this annulus has a lower bound.
By definition (see for example, [LV73, p. 100]), a Jordan curve γ is called a
quasicircle if there exists a positive constant K ≥ 1 such that for any different
points x, y ∈ γ, the turning of γ about x and y satisfies
Λ(γ′;x, y) ≤ K,
where γ′ is one of the two components of γ \ {x, y} with smaller diameter. By
Lemma 2.2 (2), we have the following immediate corollary.
Corollary 2.3. Let Ui b Vi 6= C be a pair of Jordan disks, where i = 1, 2. Suppose
that mod(V2 \ U2) ≥ m > 0 and f : V1 → V2 is a conformal map with f(U1) = U2.
If ∂U2 is a K-quasicircle, then there is a constant C(K,m) ≥ 1 such that ∂U1 is a
C(K,m)-quasicircle.
When one pushforwards a topological disk, the image may be complicated. We
do not even know whether it is simply connected or not. However, the following
Lemma gives us a control of the shape.
Lemma 2.4 (Distortion of shape when pushforward, [Yin00, Corollary 2.3]). Let
U 3 z0 be a simply connected domain in C and f : U → B(w0, 2δ) a proper holomor-
phic map of deg f ≤ d with w0 = f(z0). If f maps B(z0, r) ⊆ U into B(w0, δ), then
there exists a constant K depending only on d so that Shape(f(B(z0, r)), w0) ≤ K.
We will use the following estimations on the modulus in the future.
Lemma 2.5 ([KL09, Lemma 4.5]). Let Ui b Vi 6= C be a pair of Jordan disks,
where i = 1, 2. Suppose that f : V1 → V2 is a proper holomorphic map of degree
d ≥ 1 and U1 is a component of f−1(U2). Then
mod(V1 \ U1) ≤ mod(V2 \ U2) ≤ d mod(V1 \ U1).
2.3. Man˜e´’s theorem and a complement. In this subsection, we first recall
a theorem due to Man˜e´ and then give a complementary lemma under the same
condition of Man˜e´’s theorem. They will be used frequently later.
Theorem 2.6 ([Man˜93, Theorem II]). Let f : Ĉ→ Ĉ be a rational map with degree
at least two. If a point x ∈ Jf is not a parabolic periodic point and is not contained
in the ω-limit set of a recurrent critical point, then for any  > 0 there exists an
open neighborhood Ux of x such that:
(P1) For all n ≥ 0, every component of f−n(Ux) has diameter ≤ ;
(P2) There exists d > 0 such that for all n ≥ 0 and every connected component
V of f−n(Ux), the degree of f◦n : V → Ux is ≤ d.
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When we pull back a Jordan disk U by a rational map f , there maybe exist a
component W of f−1(U) which is not simply connected. If the boundary ∂U avoids
the critical values, then ∂W is the union of finitely many disjoint Jordan curves
{Ci}. Moreover, we have f(Ci) = ∂U for each i. Note that W is a connected set
whose boundary consists of finitely many Jordan curves. We have Ĉ \W = ⋃i Vi,
where each Vi is a Jordan disk bounded by the Jordan curve Ci. Since the restriction
of f on Vi is a holomorphic branched covering and f(∂Vi) = ∂U , we have f(Vi) = Ĉ
or f(Vi) = Ĉ \U . In other words, the image of each component of the complement
of W under f is either Ĉ or Ĉ \ U . See Figure 1 for an example.
U
f
V2
V3
V1
W
W ′
C3
C2
C1
Figure 1: The pull back of a simply connected domain U under the rational map
f with degree 4, where f(W ) = U and ∂W = C1 ∪ C2 ∪ C3. The complement
of W consists of 3 simply connected components V1, V2 and V3. In particular,
f(V1) = f(V2) = Ĉ \ U and f(V3) = Ĉ. Moreover, f−1(U) = W ∪W ′, W contains
4 critical points of f and V3 \W ′ (the white annulus) contains two.
In the rest of this article, we only consider rational maps whose Julia sets are
not the whole complex sphere. Therefore, after conjugating f by a suitable Mo¨bius
transformation, we always assume that ∞ lies in the Fatou set. This means that
Jf is a compact set in C.
Lemma 2.7. Let f be a rational map with degree at least two and Jf ⊆ C. Suppose
that x ∈ Jf is neither a parabolic periodic point nor contained in the ω-limit set of
a recurrent critical point. Then there is an open neighborhood Ux of x such that
(P3) For all n ≥ 0, every connected component of f−n(Ux) is simply connected.
Proof. By the assumption that ∞ 6∈ Jf , the grand orbit of ∞ lies in the Fatou set
of f . Let δ0 > 0 be a small positive number such that
(2.3) 0 < δ0 ≤ dist(f−1(∞),Jf )/2.
By Theorem 2.6, there exists an open neighborhood U ′x of x such that every com-
ponent of f−n(U ′x) has diameter ≤ δ0 for all n ≥ 0.
Let Ux := B(x, δx) be the largest round disk which is contained in U
′
x. We
claim that every component Wn of f
−n(Ux) is simply connected. If not, let Vn
be a bounded component of C \ Wn, where n ≥ 1. Then ∂Vn ⊆ ∂Wn and so
diam(Vn) ≤ δ0. This means that Vn cannot intersect f−1(∞). Inductively, one
can easily check that f◦k(Vn) ∩ f−1(∞) = ∅ for all 0 ≤ k ≤ n − 1. It follows that
∞ 6∈ f◦n(Vn), which is a contradiction since f◦n(Vn) = Ĉ or f◦n(Vn) = Ĉ \ Ux.
Therefore, such Vn does not exist. This means that Wn is simply connected. 
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Lemma 2.7 is useful in the following since we need to obtain the simply connected
preimages of a simply connected domain.
3. Geometry of the boundaries of Fatou components
If a rational map f whose Julia set Jf is a carpet, then f cannot be a polynomial.
In fact, the intersection of the closures of the bounded Fatou components (if any)
and the basin of infinity of f is non-empty provided f is a polynomial since the
Julia set Jf is the boundary of the basin of infinity. In order to prove Theorem 1.1,
we need to show that the peripheral circles of the carpets are uniform quasicircles
and uniformly relatively separated by Bonk’s criterion.
3.1. Sufficiency for the property of uniform quasicircles. In this subsection,
we prepare some lemmas and give two sufficient conditions such that the boundaries
of the Fatou components are uniform quasicircles. We first discuss the regularity
of the boundaries of the periodic Fatou components and then spread the results to
their all preimages.
Lemma 3.1. Let Γ be a Jordan curve in the plane C. Then there exists a constant
δΓ > 0 depending only on Γ such that, for any Jordan subarc γ ⊆ Γ with diam(γ) ≤
δΓ, one has diam(γ) < diam(Γ \ γ).
Proof. Consider the function h : Γ× Γ→ R, (x, y) 7→ diam(L(x, y)), where L(x, y)
is one of the two components of Γ\{x, y} with larger diameter (we define h(x, y) :=
diam(Γ) if x = y). Obviously, the map h is continuous. Since Γ×Γ is compact, the
function h has a minimum δ > 0. Then the lemma holds if we set δΓ = δ/2. 
Lemma 3.2. Let f be a rational map whose Fatou components are Jordan domains.
Then for any Fatou component U , the restriction f |∂U is locally one to one.
Proof. If not, there exist a critical point z ∈ ∂U and two arbitrary small closed
subarcs γ1, γ2 of ∂U with γ1 ∩ γ2 = {z} such that f(γ1) = f(γ2). In the neighbor-
hood of z, we choose open arcs α1 resp. α2 in U connecting the endpoints of γ1
resp. γ2 such that α1 ∪ γ1 and α2 ∪ γ2 bound disjointed Jordan domains D1, D2
respectively.
On one hand since the map f acts as z 7→ zk and the restriction f |U is one to
one locally at z, we can assume that f on the arcs γ1, γ2, α1, α2 is one to one, and
that f maps D1, D2 respectively into the same Fatou component V := f(U) with
f(D1) ∩ f(D2) = ∅. Note that V is a Jordan domain by the assumptions. On the
other hand, the two domains f(D1), f(D2) which are disjoint from Jordan curve
∂V must be separated by ∂V , as their boundaries share a common Jordan arcs
f(γ1) ⊆ ∂V . Thus we get a contradiction. The proof is complete. 
Lemma 3.3 (The boundaries of periodic Fatou components are quasicircles). Let
f be a rational map whose Fatou components are Jordan domains. Suppose that U
is a periodic Fatou component of f whose boundary ∂U contains neither parabolic
periodic points nor the points in ω(c) for any recurrent critical point c. Then ∂U
is a quasicircle.
Proof. After iterating f several times, we can assume that the periodic Fatou com-
ponent U is fixed by f . Without loss of generality, we suppose that ∞ 6∈ Jf . Let
 = δ0 > 0 be the number defined as in (2.3). For any x ∈ ∂U , by Theorem 2.6
and Lemma 2.7, there exists an open neighborhood Ux := B(x, δx) of x satisfying
(P1), (P2) and (P3). Since ∂U is compact and ∂U ⊆ ⋃x∈∂U B(x, δx/2), one can se-
lect a collection of finite number of elements U = {B(x1, δx1/2),· · · ,B(xN , δxN /2)}
such that ∂U is covered by U . Let δ1 > 0 be the Lebesgue number of U . Then
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every subset of ∂U with diameter ≤ δ1 must be contained in at least one open disk
B(xi, δxi/2) for some 1 ≤ i ≤ N .
By Lemma 3.2, the restriction of f on ∂U is a local homeomorphism. This
means that there exists a number δ2 > 0 such that for any subset E ⊆ ∂U with
diam(E) ≤ δ2, the restriction of f on E is a homeomorphism. Recall that δ∂U > 0
is the number depending only on ∂U which is defined in Lemma 3.1. We define
(3.1) δ := min
{
δ1
M
, δ2,
δ∂U
M
}
,
where M := 1 + sup{|f ′(z)| : dist(z,Jf ) ≤ δ0} < +∞. By (P2) in Theorem 2.6,
there exists an integer di > 0 for each 1 ≤ i ≤ N such that for all n ≥ 0 and every
connected component V of f−n(B(xi, δxi)), the degree of f
◦n : V → B(xi, δxi) is
≤ di. Define
(3.2) d = max
1≤i≤N
di.
Let x, y be two different points in ∂U . We use γ := L(x, y) to denote one of
the two components of ∂U \ {x, y} with the smaller diameter. Now we divide the
argument into two cases.
Case 1: Suppose that diam(γ) ≥ δ. Define E := {(ξ, η) ∈ ∂U × ∂U :
diam(L(ξ, η)) ≥ δ}. Then E is compact and (ξ, ξ) 6∈ E. The function
h : ∂U × ∂U → R+, (ξ, η) 7→ diam(L(ξ, η))|ξ − η|
is continuous on E. Then h has a maximum K1 on E since E is compact. In
particular, the turning of γ about x and y satisfies
(3.3) Λ(γ;x, y) =
diam(γ)
|x− y| ≤ K1.
Case 2: Suppose that diam(γ) < δ. Denote γn := f
◦n(γ) for n ≥ 0. Note that
the forward orbit of γ will eventually cover ∂U . There is a smallest integer n ≥ 0
such that
(3.4) diam(γn) < δ and diam(γn+1) = diam(f(γn)) ≥ δ.
By the choice of δ in (3.1), we know that f◦(n+1)|γ is a homeomorphism and so
γn+1 is a Jordan arc connecting f
◦(n+1)(x) with f◦(n+1)(y). Note that there exist
two points z1, z2 ∈ γn, such that
diam(γn+1) = |f(z1)− f(z2)| ≤
∫
[z1,z2]
|f ′(z)| |dz|
≤M |z1 − z2| ≤M diam(γn) ≤Mδ ≤ min{δ1, δ∂U},
(3.5)
where [z1, z2] is the straight segment connecting z1 and z2.
By the definition of δ∂U and Lemma 3.1, the Jordan arc γn+1 is one of the
two components of ∂U \ {f◦(n+1)(x), f◦(n+1)(y)} with smaller diameter. Since
diam(γn+1) ≥ δ by (3.4), as discussed in Case 1 above, we have
(3.6) Λ(γn+1; f
◦(n+1)(x), f◦(n+1)(y)) ≤ K1.
By the definition of δ1, there is a disk B(xi, δxi/2) such that γn+1 ⊆ B(xi, δxi/2)
for some 1 ≤ i ≤ N since diam(γn+1) ≤ δ1 by (3.5). Let Bn+1(xi, δxi/2) and
Bn+1(xi, δxi), respectively, be the components of the preimages f
−(n+1)(B(xi,
δxi/2)) and f
−(n+1)(B(xi, δxi)) both containing γ. Note that both of them are
simply connected by the choice of δxi . Applying Lemma 2.2 to the case (U1, V1)
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= (Bn+1(xi, δxi/2), Bn+1(xi, δxi)), (U2, V2) = (B(xi, δxi/2), B(xi, δxi)) and m =
1
2pi log 2, together with (3.2) and (3.6), we have
(3.7) Λ(γ;x, y) ≤ C2(d,m)Λ(γn+1; f◦(n+1)(x), f◦(n+1)(y)) ≤ C2(d)K1,
where C2(d) is a constant depending only on d. Let
K = K1(1 + C2(d)).
Then Λ(γ;x, y) ≤ K holds for any different x, y ∈ ∂U by (3.3) and (3.7). The
arbitrariness of x and y implies that ∂U is a quasicircle. 
Now we need to determine when the boundaries of all the Fatou components
are uniform quasicircles. According to Sullivan [Sul85], each Fatou component of a
rational map is eventually periodic. It is natural to consider the pull back of the pe-
riodic Fatou components and then use some distortion lemmas to control the shape
of pre-periodic Fatou components. To do this, it is necessary to construct a larger
simply connected domain surrounding the periodic Fatou component such that all
components of its preimages under the n-th iteration are still simply connected.
Proposition 3.4 (Uniform quasicircles I). Let f be a rational map whose Fatou
components are Jordan domains. Suppose that all the boundaries of periodic Fa-
tou components are disjoint from the ω-limit sets of the critical points. Then the
boundaries of all Fatou components of f are uniform quasicircles.
Proof. If all periodic Fatou components of f are disjoint from the ω-limit sets of the
critical points, then f has no parabolic periodic points (see [Mil06, Theorem 10.15]).
By Lemma 3.3 and Sullivan’s eventually periodic theorem, all the boundaries of the
Fatou components of f are quasicircles. We only need to prove that they are uniform
quasicircles.
Let U ′ be the collection of all the Fatou components such that each of them is
either a critical Fatou component (contains at least one critical point) or a periodic
Fatou component. We use U := O+(U ′) = {U1, · · · , Un} to denote the union of the
forward orbits of all the Fatou components in U ′. Note that the number of Fatou
components in U is finite since U ′ is. Therefore, there exists a constant K ′ > 1
such that ∂Ui is a K
′-quasicircle for all 1 ≤ i ≤ n. For each 1 ≤ i ≤ n, let Vi be
a Jordan disk such that Vi \ U i is an annulus which is disjoint from the forward
orbits of the critical points.
Let mi = mod(Vi \ U i) > 0 for 1 ≤ i ≤ n. For each Fatou component U 6∈ U ,
there exists a minimal number k ≥ 1 such that f◦k(U) = Ui ∈ U for some i. Let
V be the component of f−k(Vi) containing U . Then f◦k : V → Vi is a conformal
map and V is a Jordan disk since Vi contains no points in the critical orbits. By
Corollary 2.3, the boundary ∂U is a C(K ′,mi)-quasicircle, where C(K ′,mi) is a
constant depending only on K ′ and mi.
Let K = max1≤i≤n C(K ′,mi). Then the boundary of each Fatou component of
f is a K-quasicircle. By the arbitrariness of U , this means that the boundaries of
the Fatou components of f are uniform quasicircles. 
By the assumption in Proposition 3.4, the periodic Fatou components can only be
attracting or super-attracting. Recall that a rational map f is called semi-hyperbolic
if the Julia set Jf contains neither parabolic periodic points nor recurrent critical
points.
Proposition 3.5 (Uniform quasicircles II). Let f be a semi-hyperbolic rational
map such that the boundary of each Fatou component is a Jordan curve. Then the
boundaries of all the Fatou components of f are uniform quasicircles.
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It seems that the condition in Proposition 3.4 is stronger than that in Proposition
3.5. However, this is not the case. Actually, one can construct a rational map with
a recurrent critical point, whose ω-limit set is disjoint from the boundaries of any
Fatou components, using similar method as stated in §6.
Proof of Proposition 3.5. By Lemma 3.3 and Sullivan’s eventually periodic theo-
rem, it follows that all the boundaries of the Fatou components of f are quasicircles
since f is semi-hyperbolic. We only need to prove that they are uniform quasicir-
cles. According to [Yin99, Theorem 1.2], the Julia set Jf is locally connected. Then
for any  > 0, there are only finitely many Fatou components with diameter ≥ 
[Mil06, Lemma 19.5].
Without loss of generality, we suppose that ∞ 6∈ Jf . Let  = δ0 > 0 be the
number defined as in (2.3). For any x ∈ Jf , by Theorem 2.6 and Lemma 2.7,
there exists an open neighborhood Ux := B(x, δx) of x satisfying (P1), (P2) and
(P3). Since Jf is compact, there exists a collection of finite number of elements
U = {B(x1, δx1/2),· · · ,B(xN , δxN /2)} such that Jf is covered by U . We use δ > 0
to denote the Lebesgue number of U . Then every subset of Jf with diameter ≤ δ
must be contained in at least one open disk B(xi, δxi/2) for some 1 ≤ i ≤ N .
We divide the collection of all the Fatou components F of f into two classes
as following. Let F0 be the collection of all the Fatou components such that each
U ∈ F0 is one of the following cases: either (i) U contains at least one critical point;
or (ii) U is periodic; or (iii) diam(U) ≥ δ. Let F ′1 := O+(F0) be the set of the union
of the forward orbits of all the Fatou components in F0. Define F1 := F ′1∪f−1(F ′1).
By Sullivan’s eventually periodic theorem, the number of Fatou components in F1
is finite since F0 is also. Therefore, there exists a constant K ′ > 1 such that each
Fatou component in F1 is a K ′-quasicircle.
For any Fatou component U ∈ F \F1, we have diam(U) < δ. There exists a min-
imal integer nU ≥ 1 such that f◦nU (U) ∈ f−1(F ′1)\F ′1 ⊆ F1 and diam(f◦nU (U)) <
δ. Moreover, the map f◦nU : U → f◦nU (U) is conformal. By the definition of δ,
there exists some disk B(xi, δxi/2) in U such that f◦nU (U) ⊆ B(xi, δxi/2). We
use BU and B
′
U , respectively, to denote the components of f
−nU (B(xi, δxi/2)) and
f−nU (B(xi, δxi)) both containing U .
Let x, y ∈ ∂U be two different points and γ1, γ2 the two different components
of ∂U \ {x, y}. Then f◦nU (γ1) and f◦nU (γ2) are both Jordan arcs connecting
f◦nU (x) with f◦nU (y). Applying Lemma 2.2(2) to the case (U1, V1) = (BU , B′U ),
(U2, V2) = (B(xi, δxi/2), B(xi, δxi)), m =
1
2pi log 2, g = f
◦nU and E = γj , where
j = 1, 2, we have
Λ(γj ;x, y) ≤ C2(di) Λ(f◦nU (γj); f◦nU (x), f◦nU (y)),
where C2(di) is a constant depending only on di and di > 0 is the number appeared
in Theorem 2.6 which depends on xi. Then
min
j∈{1,2}
{Λ(γj ;x, y)} ≤ C2(di) min
j∈{1,2}
{Λ(f◦nU (γj); f◦nU (x), f◦nU (y))} ≤ C2(di)K ′.
Let K = max1≤i≤N C2(di)K ′. Then ∂U is a K-quasicircle by the arbitrariness of
x and y. By the arbitrariness of U , we know that each Fatou component of f is a
K-quasicircle and K is a constant depending only on f . 
Note that in Propositions 3.4 and 3.5, we do not require that the closures of the
Fatou components are mutually disjoint. This means that these two propositions
can be applied also to those rational maps whose Julia sets are not Sierpin´ski
carpets.
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3.2. Sufficiency for the property of uniformly relatively separated. By
Lemma 2.1, if the lower bound of the annuli between the boundaries of the Fatou
components can be controlled, then one can prove that the peripheral circles of the
carpet Julia set are uniformly relatively separated.
Proposition 3.6 (Uniformly relatively separated). Let f be a rational map whose
Julia set Jf is a Sierpin´ski carpet. If all the boundaries of periodic Fatou com-
ponents are disjoint from the ω-limit sets of the critical points in Jf , then the
boundaries of Fatou components are uniformly relatively separated.
Proof. Let U = {X1, · · · , Xn} be the collection of the all the periodic Fatou compo-
nents of f . After iterating f by some times if necessary, we can assume that each Xi
have period precise one. For 1 ≤ i ≤ n, let Yi be a simply connected domain con-
taining Xi such that Y1, · · · , Yn are mutually disjoint and each annulus Ai := Yi\Xi
contains no points in the critical orbits. Denote m := min1≤i≤n mod(Ai) > 0.
For any two different Fatou components U1 and U2, there exist two minimal
numbers n1, n2 ≥ 0 such that f◦n1(U1), f◦n2(U2) ∈ U . In particular, there exist two
integers 1 ≤ k1, k2 ≤ n such that f◦n1(U1) = Xk1 and f◦n2(U2) = Xk2 . Since the
annulus Aki contains no critical values of f
◦ni for i ∈ {1, 2}, the restriction of f◦ni
on each component of f−ni(Aki) is an unbranched covering. By Riemann-Hurwitz’s
formula, it follows that each component of their preimages is still an annulus.
Therefore, there exist two simply connected domains V1 and V2 surrounding U1
and U2 respectively, such that Vi \ U i is a component of f−ni(Ani) and deg(f◦ni :
Vi → Yni) = deg(f◦ni : Ui → Xni). Note that f◦j1(Ui) ∩ f◦j2(Ui) = ∅ for 0 ≤ j1 <
j2 ≤ ni (if ni ≥ 1) and f has only finitely many critical points. So the degree of
f◦ni |Ui is bounded by some number N ≥ 1 depending only on f . Denote by A the
annulus bounded by ∂U1 and ∂U2 in Ĉ. We now divide the arguments into two
cases.
Case 1: Suppose that n1 = n2. Then V1 and V2 are two disjoint components of
f−n1(Yk1 ∪ Yk2). By Lemma 2.5, we have
mod(A) ≥ mod(V1 \ U1) + mod(V2 \ U2) ≥ mod(Ak1)/N + mod(Ak2)/N ≥ 2m/N.
Case 2: Suppose that n1 > n2. We claim that V1 and U2 are disjoint. Otherwise,
the annulus V1 \ U1 intersects U2 and so f◦n2(V1 \ U1) intersects the fixed Fatou
component Xk2 . Then Ak1 = f
◦(n1−n2)(f◦n2(V1 \ U1)) joints with Xk2 , which
contradicts with the choice of Ak1 . Thus we have
mod(A) ≥ mod(V1 \ U1) ≥ m/N.
Above all, the annulus A has modulus not less than m/N . By Lemma 2.1, U1
and U2 are relatively separated with the relative distance ∆(∂U1, ∂U2) depending
only on m and N . By the arbitrariness of U1 and U2, the peripheral circles of the
carpet Julia set are uniformly relatively separated. 
Note that the condition in Proposition 3.6 does not exclude the existence of
parabolic points on the Julia set.
Proof of Theorem 1.1. By Propositions 3.4 and 3.6, the peripheral circles of carpet
Jf are uniform quasicircles and uniformly relatively separated. According to Bonk
[Bon11, Corollary 1.2], Jf is quasisymmetrically equivalent to a round carpet. 
3.3. The property of non-uniformly relatively separated. If the peripheral
circles of a carpet Julia set are uniformly relatively separated, a natural question is
whether it implies that all the boundaries of pre-periodic Fatou components avoid
the accumulation points of the critical orbits in the Julia set. We give the answer
in the following proposition.
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Proposition 3.7 (Non-uniformly relatively separated). Let f be a semi-hyperbolic
rational map whose Julia set is a Sierpin´ski carpet. Suppose that there exists a Fatou
component U of f such that ∂U ∩ ω(c) 6= ∅ for some critical point c ∈ Jf . Then
the boundaries of Fatou components of f are not uniformly relatively separated.
Proof. Without loss of generality, we suppose that ∞ 6∈ Jf . Let  = δ0 > 0 be the
number defined as in (2.3). Let x ∈ ∂U ∩ ω(c). By Theorem 2.6 and Lemma 2.7,
there exists a number δx > 0 such that the open neighborhood B(x, δx) satisfies
(P1), (P2) and (P3). Suppose ckn := f
◦kn(c) tends to x. Set kn := |x − ckn |.
Clearly kn → 0 as n→∞.
For a given 0 < δ < δx, there exists an integer N ≥ 1 such that for any n ≥ N ,
B(ckn , kn) ⊆ B(ckn , δ) ⊆ B(x, δx). Let γ0 be the component of ∂U ∩ B(ckn , δ)
containing x with endpoints a0 and b0. Denote X0 := B(ckn , kn) and Y0 :=
B(ckn , δ) for some n ≥ N . After Pulling X0, Y0 back by f◦(kn−1) resp. f◦kn , we
denote by Xkn−1, Ykn−1 resp. Xkn , Ykn the simply connected components of their
preimages containing the critical value c1 resp. the critical point c. See Figure 2.
Figure 2: Sketch illustration of the idea in the proof of Proposition 3.7. One main
point in the proof is to verify the existence of two different Fatou components Ukn
and U ′kn such that they are both kn-th preimages of the given Fatou component U
and the distance between Ukn and U
′
kn
tends to zero as n tends to infinity.
Consider the branched covering f◦(kn−1) : (Xkn−1, Ykn−1) → (X0, Y0). Since
the boundary of every Fatou component cannot contain any critical point if the
Julia set is a Sierpin´ski carpet, it means that γ0 avoids the postcritical sets. There
exist xkn−1, γkn−1 and Ukn−1 which are components of the preimages of x, γ0
and U respectively such that xkn−1 ∈ γkn−1 ∩ ∂Xkn−1 and γkn−1 is a subarc of
the Fatou component Ukn−1 with endpoints akn−1, bkn−1. Applying the Maximum
Value Principle on f◦(kn−1)|Ykn−1 , we have akn−1, bkn−1 ∈ ∂Ykn−1.
Now we consider the other branched covering f : (Xkn , Ykn)→ (Xkn−1, Ykn−1).
Since deg(f |Xkn ) ≥ 2, there exist at least two different points xkn , x′kn ∈ f−1(xkn−1)
lying on ∂Xkn , and also two disjoint Jordan arcs γkn ⊆ ∂Ukn , γ′kn ⊆ ∂U ′kn contain-
ing xkn , x
′
kn
respectively, where Ukn and U
′
kn
are Fatou components of f . The
subarcs γkn and γ
′
kn
meet ∂Ykn at their endpoints {akn , bkn} and {a′kn , b′kn}.
Claim: For sufficiently large n ≥ N , the Fatou components Ukn , U ′kn are distinct.
Indeed, as n → 0, the modulus mod(Y0 \X0)→∞ and thus mod(Ykn \Xkn)→
∞, according to Lemma 2.5 and Theorem 2.6. Then for sufficiently large n there
exists a round annulus An := {z ∈ C : 0 < rn < |z| < r′n} which is essentially
contained in Ykn \Xkn such that
mod(An) =
1
2pi
log
r′n
rn
→ +∞
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as n→∞ (see [McM94, Theorem 2.1, p. 10]).
We argue by contradiction and assume Ukn = U
′
kn
. Then for any component γ
of ∂Ukn \ {xkn , x′kn}, the turning of γ satisfies
Λ(γ;xkn , x
′
kn) ≥
min{diamγkn,1,diamγkn,2,diamγ′kn,1,diamγ′kn,2}
|xkn − x′kn |
≥ r
′
n − rn
2rn
→∞ as n→∞,
(3.8)
where the subarcs γkn,1, γkn,2 and γ
′
kn,1
, γ′kn,2 are the components of γkn \ {xkn}
and γ′kn \ {x′kn} respectively. The second inequality holds because each of the four
subarcs connects the two complement components of An. By Proposition 3.5, the
family of peripheral circles of the Fatou set Ff are uniformly quasicircles. Thus we
get a contradiction by (3.8). The claim follows.
We now estimate the relative distance between ∂Ukn and ∂U
′
kn
. Note that the
bounded component of C \An covers Xkn . Therefore, we have
∆(∂Ukn , ∂U
′
kn) ≤
|xkn − x′kn |
min{diam(∂Ukn),diam(∂U ′kn)}
≤ |xkn − x
′
kn
|
min{diamγkn,1,diamγkn,2,diamγ′kn,1,diamγ′kn,2}
≤ 2rn
r′n − rn
→ 0 as n→∞.
This means that the boundaries of Fatou components of f are not uniformly rela-
tively separated. The proof is complete. 
Proof of Theorem 1.2. This follows immediately by Propositions 3.5 – 3.7. 
3.4. The locally porous property of carpet Julia sets. Let f be a semi-
hyperbolic rational map whose Julia set Jf is a carpet. We use Cf to denote the
family of corresponding peripheral circles. By Theorem 3.5, the family Cf consists
of uniform quasicircles. In order to describe all the locations and scales of curves in
Cf , we need the definition of locally porous by following [Mer14, p. 4323] (see also
[BLM16, p. 32]).
The carpet Julia set Jf is said to be locally porous1 provided that there exists
0 < c < 1 such that for any z ∈ Jf and any 0 < r ≤ 2, there exists a circle γ
in Cf such that γ ⊆ Bσ(z, r) and cr ≤ diamσ(γ). Since the elements in family Cf
are uniform quasicircles and they have uniformly bounded shape, it is not difficult
to check that the definition of locally porous here implies that Jf is porous (i.e.
shallow in the sense of McMullen, see also [Yin00]) and the peripheral circles occur
on all locations and scales [BLM16, p. 24].
Theorem 3.8. Let f be a semi-hyperbolic rational map whose Julia set Jf is a
carpet. Then Jf is locally porous.
Proof. Since Mo¨bius transformations are uniformly continuous homeomorphisms
with respect to spherical metric. For simplicity, we can assume Jf is contained in
D by conjugating a suitable Mo¨bius transformation and prove the locally porous
property in the sense of Euclidean metric.
Firstly, for 0 < r < 1 we define two functions
h1(r) := inf
z∈Jf
inf{s > 0; diamf(B(z, s)) ≥ r}/r
1It seems that the definition here is slightly different from that in [Mer14, p. 4323]. However,
they are obviously equivalent.
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and
h2(r) := inf
z∈Jf
sup
γ∈Cf
{diam(γ); γ ⊆ B(z, r)}/r.
One can easily check that both of the functions are positive for any r ∈ (0, 1).
Since f is a semi-hyperbolic rational map, according to [Yin99], there exist a
positive constant δ0 > 0 and an integer d ≥ 1 such that for every z ∈ Jf , n ≥ 0 and
every connected component V of f−n(B(z, 2δ0)), the degree of f◦n : V → B(z, 2δ0)
is ≤ d. Moreover, we assume that δ0 is chosen small enough such that each V is
simply connected by (P3) in Lemma 2.7.
Given z ∈ Jf and 0 < r < δ0/3, we denote zn := f◦n(z), Ln := max{|zn−w|;w ∈
∂f◦n(B(z, r))} and ln := min{|zn −w|;w ∈ ∂f◦n(B(z, r))}. By the expansion of f
on the Julia set, there exists a minimal integer n0 ≥ 0 such that
diamf◦(n0+1)(B(z, r)) ≥ δ0.
Then f◦n0(B(z, r)) ⊆ B(zn0 , Ln0) ⊆ B(zn0 , δ0) and diamf(B(zn0 , Ln0)) ≥ δ0. Let
U be a component of f−n0(B(zn0 , 2δ0)) containing B(z, r). By the choices of h1
and δ0 and by applying the Lemma 2.4 to the proper holomorphic map f
n0 : U →
B(zn0 , 2δ0), there exists a constant K1 depending only on d such that
(3.9) K2 := h1(δ0) ≤ Ln0
δ0
≤ K1ln0
δ0
≤ K1.
Let γn0 be a peripheral circle in the disk B(zn0 ,K2δ0/K1) such that
(3.10)
K3 := h2(K2δ0/K1) ≤ K1diamγn0
K2δ0
=
K1|xn0 − yn0 |
K2δ0
for some xn0 , yy0 ∈ γn0 .
Now we consider the pullback of B(zn0 , ln0) by f
◦n0 . Let B and γ, respectively,
be two components of f−n0(B(zn0 , ln0)) and f
−n0(γn0) in B(z, r). Clearly, we have
r ≤ diamB ≤ 2r. Let x, y ∈ γ with f◦n0(x) = xn0 and f◦n0(y) = yn0 . According
to Lemma 2.2(2), (3.9) and (3.10), there exists a constant K4 > 0 depending only
on d such that
r
diamγ
≤ diamB|x− y| ≤ K4
diamf◦n0(B)
|xn0 − yn0 |
=
2K4ln0
diamγn0
≤ 2K1K4
K2K3
=:
1
c
.
By the arbitrariness of z and r, the proof is finished. 
4. Dynamics on the Fatou components
In this section, we describe the dynamics of a rational map on its Fatou compo-
nents when the corresponding Julia set is locally connected. Recall that Comp(Ff )
is the collection of all the Fatou components of a given rational map f .
The following lemma extends the results in [BLM16, Lemma 3.3] to a broader
range of situations.
Lemma 4.1 (Dynamics on the Fatou components). Let f be a rational map whose
Julia set Jf is locally connected. Suppose that the post-critical set Pf is finite on
Ff , i.e., ](Pf ∩ Ff ) <∞. Then there exists {(U, φU )}U∈Comp(Ff ) such that
(1) Each φU : U → D is conformal.
(2) Assume that U is a p-periodic Siegel disk and λ := e2piiθ is the rotation
number of f◦p|U with θ irrational. Then φf(U) ◦ f ◦ φ−1U = Pp,θ, where Pp,θ : z 7→
e2piiθ/pz.
(3) For any other Fatou component U which is not a periodic Siegel disk, we
have φf(U) ◦ f ◦ φ−1U = PδU , where δU := deg(f |U ) and PδU : z 7→ zδU .
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Proof. Firstly, since the Julia set is locally connected, then Jf is connected [Mil06,
Corollary 4.15]. Thus Ff has no Herman rings and every Fatou component is simply
connected. Since ](Pf ∩ Ff ) < ∞, it follows that the periodic Fatou components
of f can only be super-attracting basins or Siegel disks (see [Mil06, §§8, 10]).
Let (U0, z0), · · · , (Up−1, zp−1), (Up, zp) := (U0, z0) be a periodic cycle of super-
attracting basins with zk ∈ Uk such that f◦k(U0, z0) = (Uk, zk). We denote δk :=
deg(f |Uk) and hk := Pδk . According to [Mil06, Theorem 9.3], there exists a global
Bo¨ttcher coordinate φU0 : U0 → D of f◦p on U0 such that
(4.1) φU0 ◦ f◦p ◦ φ−1U0 = h := hp−1 ◦ · · · ◦ h0, and φU0(z0) = 0.
Choose ξ0 ∈ U0 \ {z0} and η0 := φU0(ξ0) ∈ D \ {0}. Set ξk := f◦k(ξ0) and
ηk := hk−1 ◦ · · · ◦ h0(η0) for 1 ≤ k ≤ p.
In what follows we try to construct φUk by induction. For k = 1, · · · , p, by
considering the unbranched coverings
f : Uk−1 \ {zk−1} → Uk \ {zk} and hk−1 : D \ {0} → D \ {0},
there exists a unique lift φUk : Uk → D\{0} of φUk−1 such that hk−1◦φUk−1 = φUk◦f
and φUk(ξk) = ηk [Hat02, Propositions 1.33 and 1.34]. Comparing the degrees, we
know that φUk is conformal. Moreover, by the definition of the lifts, we have
φUk(zk) = 0. The uniqueness of lift also guarantees that φUp = φU0 .
Let (U0, z0), · · · , (Up−1, zp−1), (Up, zp) := (U0, z0) be a periodic cycle of Siegel
disks with zk ∈ Uk such that f◦k(U0, z0) = (Uk, zk). Let e2piiθ := (f◦p)′(z0) be the
multiplier and hk := Pp,θ : z 7→ e2piiθ/pz. By [Mil06, Lemma 11.1], there also exists
a global linearization φU0 of f
◦p on U0 satisfying Equation (4.1). Then by exactly
the same argument as in super-attracting case, we can obtain φUk , 1 ≤ k ≤ p− 1,
as desired.
Now we can construct φU for any pre-periodic Fatou component U . To see this,
by induction for k = 1, 2, · · ·n and so on, suppose that U is k-preperiodic, i.e., k is
the minimal positive integer such that Uk := f
◦k(U) is periodic. Without loss of
generality, we assume that k = 1. As before, lifting φU1 : U1 → D via the coverings
f : U → U1 and PδU : D → D, we can get a conformal mapping φU : U → D such
that φU1 ◦ f = PδU ◦ φU . 
Remark. If Jf is a carpet, then each Fatou component of f is a Jordan domain.
By Carathe´odory’s theory, one can extend φU : U → D to a homeomorphism from
U to D. Clearly the extension φU still satisfies the second and third statements of
the above Lemma on U .
Lemma 4.2. Every self-homeomorphism on ∂D which conjugates two irrational
rotations is indeed a rotation.
Proof. Suppose h : ∂D → ∂D is a homeomorphism as in the statement. Since
rotation numbers are preserved under conjugation, we can assume further that
h ◦Rθ = Rθ ◦ h and h(1) = e2piiθ0
with θ ∈ (0, 1) an irrational number, θ0 ∈ [0, 1) and Rθ : z 7→ e2piiθz. Then for any
n ≥ 0, we conclude that
h(R◦nθ (1)) = Rθ ◦ h ◦R◦n−1θ (1) = · · · = R◦nθ (h(1)) = R◦nθ (Rθ0(1)) = Rθ0(R◦nθ (1)).
Claim that the orbit E := ∪n≥0{R◦nθ (1)} is dense in ∂D. Otherwise, one can
choose a component I of ∂D\E with the maximum length. The backward intervals
I,R−1θ (I), R
−2
θ (I), · · · are of the same length and disjoint from E. But any two of
them are either disjoint or exactly coincide, as the length of the union of any two
overlap intervals R−iθ (I) and R
−j
θ (I) is no less than that of I. Since the total length
of ∂D is finite, there are infinitely many intervals of {R−nθ (I)}n≥0 coincide. Suppose
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I0 := R
−n1
θ (I) = R
−n2
θ (I) with 1 ≤ n1 < n2. So Rn2−n1θ (I0) = I0. In particular,
Rn2−n1θ (∂I0) = ∂I0. This means the irrational rotation R
n2−n1
θ has periodic points.
It is impossible. Thus the claim holds.
The continuity implies that h is the rotation Rθ0 . The lemma is complete. 
5. Quasisymmetric rigidity of carpet Julia sets
5.1. Carpet Julia sets. Let S be a (Sierpin´ski) carpet. Then it is homeomorphic
to the standard middle-third carpet. By Whyburn’s characterization, a set S in Ĉ
is a carpet if and only if it is compact, connected, locally connected, has no local
cut-points and has topological dimension one. A set E is called buried in carpet S,
if E is disjoint from any peripheral circles. A domain Ω is said to be clean for S
provided that Ω is a Jordan domain and the boundary ∂Ω is buried in S. Notice
that any buried point in S has arbitrarily small clean neighborhoods in Ĉ.
Lemma 5.1. Let S be a carpet in Ĉ and P ⊆ S be a finite set. Let p 6= q be two
buried points in S \ P . Then for any  > 0 there exist clean domains U0, · · · , UN
with p ∈ U0, q ∈ UN such that P ∩Uk = ∅, Uk∩Uk+1 6= ∅ and the spherical diameter
diamσUk <  for 0 ≤ k ≤ N − 1.
Proof. By collapsing the closure of each component of Ĉ \ S to a point, we get
the quotient map pi : Ĉ → S2 by Moore’s theorem [Moo25]. Set p˜ := pi(p), q˜ :=
pi(q), P˜ := pi(P ) and A := pi(Ĉ \ S). It follows that A is a set of countable many
points in S2. We can choose a simple arc γ˜ in S2 \ (P˜ ∪ A) joining p˜ and q˜. Then
the lift γ := pi−1(γ˜) is a simple arc buried in S \ P connecting p and q.
Note that there exists a local neighborhood basis of any buried point in S, which
consists of clean domains. Since γ is compact, for any  > 0, applying a standard
argument, one can get a sequence (U0, x0), · · · , (UN , xN ) with Uk ∩Uk+1 6= ∅, xk ∈
Uk ∩ γ, x0 := p, xN := q such that the clean domains Uk are disjoint from P and
such that diamσ(Uk) <  for 0 ≤ k ≤ N . Thus the Lemma follows. 
5.2. Rigidity of carpet Julia sets. The self-homeomorphisms on a carpet form a
large group. However, strong rigidity results are valid if one considers the quasisym-
metric homeomorphism from the carpet onto itself. In [BLM16], the quasisymmet-
ric rigidity of the carpets that are Julia sets of postcritically-finite rational maps
was studied. In this section, we show that the rigidity of carpet Julia sets can be
held on a more general situation.
We first recall some definitions. A closed subset of Ĉ is called a Schottky set if
its complements are open round disks with disjoint closures. Obviously, a round
carpet is a Schottky set. A relative Schottky set in a domain D ⊂ Ĉ is a subset
of D obtained by removing from D a collection of round disks whose closures are
contained in D and are pairwise disjoint.
Note that the locally porous property is quasisymmetric invariant. In other
words, if ξ is quasiconformal map on Ĉ sending a locally porous Julia set to a
Schottky set S, then S is also locally porous. Recall that Ff and Pf , respectively,
denote the Fatou set and the postcritical set of a rational map f .
Theorem 5.2. Let f be a rational map with carpet Julia set Jf . Suppose that
• Jf is locally porous and
• Jf is quasisymmetric equivalent to a round carpet.
Then for any quasisymmetric equivalence ξ : Jf → Jg between carpet Julia sets
Jf and Jg, we have
(1) there exist positive integers m, m′ and l such that g◦m ◦ ξ ◦ f◦l = g◦m′ ◦ ξ on
Jf .
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(2) furthermore, if both of the sets Ff ∩Pf and Fg ∩Pg are finite, then ξ is the
restriction of a Mo¨bius transformation.
The proof of this theorem is essentially based on the rigidity of Schottky maps on
locally porous Schottky sets. We recommend [Mer12, Mer14] for the related theory.
Our approach is more or less like the proof of [BLM16, Theorem 1.4]. But here we
need to deal with the Siegel disk situation additionally. Also our proof indicates
that if one of the complement component of the carpet Julia set Jf is a Siegel disk,
then so is the carpet Jg.
Proof. Let ξ : Jf → Jg be a quasisymmetric homeomorphism between Jf and
Jg. Since the peripheral circles of Jf are uniform quasicircles, by [Bon11, Propo-
sition 5.1], there exists a quasiconformal homeomorphism from Ĉ onto Ĉ whose
restriction on Jf is ξ. We denote this quasiconformal homeomorphism still by ξ for
convenience.
(1) Let p be a repelling periodic point buried in Jf such that f◦d(p) = p for
some d ≥ 1 (the existence of a such point is obvious since the number of periodic
Fatou components are finite but the repelling periodic points are dense in the Julia
set). Let V1 be its clean neighborhood (small enough) such that the restriction
f◦dp := f
◦d : V1 → f◦d(V1)
is conformal and V1 ⊆ f◦d(V1).
Let E be a finite subset of Fg containing at least three points such that g(E) ∩
ξ(V1) = ∅. Given k ≥ 1, we know that g◦m ◦ ξ ◦ f−dkp (V1) will cover the sphere
except at most two points for sufficiently large m (see [Mil06, Theorem 4.10 and
Corollary 14.2]). Here f−dkp denotes the k-th inverse of the conformal map f
◦d
p |V1 .
Then we can set
m(k) := max{m; g◦m ◦ ξ ◦ f−dkp (V1) ∩ E = ∅}.
Obviously, g◦m(k) ◦ ξ ◦ f−dkp (V1) intersects g−1(E) and thus
(5.1) diamσ(g
◦m(k) ◦ ξ ◦ f−dkp (V1)) ≥ distσ(g−1(E),Jg).
So {g◦m(k) ◦ ξ ◦ f−dkp |V1}k≥1 is a sequence of uniformly quasiregular maps whose
images avoid the finite set E. Applying [AIM09, Corollary 5.5.7, p. 182] and com-
posing with a quasiconformal map ξ−1, we get a sequence of K-quasiregular map-
pings {hk := ξ−1 ◦ g◦mk ◦ ξ ◦ f−nkp } which converges locally uniformly to a mapping
h on V1, where mk := m(k) and nk := dk. Note that h is also a K-quasiregular
mapping but not a constant by (5.1).
Since the critical points of a quasiregular mapping are locally finite, we can
pick a clean Jordan domain V2 b V1 with V2 ∩ Jf 6= ∅ such that h on V2 is
K-quasiconformal. From the Stoilow fractorization (see [AIM09, Corollary 5.5.4,
p. 181]) and the Rouche´’s Theorem on holomorphic functions, one may assume
that for sufficiently large k0, the mappings {hk|V2}k≥k0 are K-quasiconformal and
uniformly converges to h. We also have that
h(V2 ∩ Jf ) ⊆ Jf and h(V2 ∩ Ff ) ⊆ Ff .
This is because each hk sends V2 ∩ Jf and V2 ∩ Ff into Jf and Ff respectively.
Again we choose a repelling periodic point q buried in a clean domain V3 b V2
such that f◦s(q) = q and f◦s|V3 is conformal. Let β be a quasisymmetric mapping
sending Jf to a round carpet S ⊆ Ĉ. Its quasiconformal extension to the whole
sphere is still denoted by β. If we set U := β(V3), q˜ := β(q), f˜ = β ◦ f ◦ β−1,
f˜p = β ◦ fp ◦ β−1, h˜ := β ◦ h ◦ β−1|U and h˜k := β ◦ hk ◦ β−1|U . Then U ∩ S is
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a locally porous relative Schottky set in U and all these mappings f˜ , h˜, h˜k are
Schottky maps in the sense of [Mer14] (see also [Mer12, Theorem 1.2]).
By [Mer14, Theorem 4.1], the derivative of f˜◦s in the sense of [Mer14] at the
fixed point q˜ is not equal to 1. Then we apply [Mer14, Theorem 5.2] to have that
h˜k = h˜k+1 on U ∩ S for a sufficiently large k. That is,
β ◦ ξ−1 ◦ g◦mk ◦ ξ ◦ f−nkp ◦ β−1 = β ◦ ξ−1 ◦ g◦mk+1 ◦ ξ ◦ f−nk+1p ◦ β−1
on U ∩ S. If we set g˜ := β ◦ ξ−1 ◦ g ◦ ξ ◦ β−1, m := mk, l := nk+1 − nk and
m′ := mk+1, then
(5.2) g˜◦m ◦ f˜◦l = g˜◦m′
hold on f˜
−nk+1
p (U ∩ S).
Now we are going to extend the equation (5.2) to the whole carpet S. Note that
the mappings g˜◦m ◦ f˜◦l and g˜◦m′ are locally quasisymmetric on S except at the
finite set P := S ∩ (Crit(g˜◦m ◦ f˜◦l) ∪ Crit(g˜◦m′)). For any q˜0 buried in S \ P , by
Lemma 5.1 there exists a sequence of clean domains U0 := f˜
−nk+1
p (U), U1, · · · , UN
with q˜0 ∈ UN such that Uk ∩ Uk+1 6= ∅, Uk ∩ P = ∅ and on each Uk the mappings
g˜◦m ◦ f˜◦l and g˜◦m′ are injective. Then the restrictions of g˜◦m ◦ f˜◦l and g˜◦m′ on
each S ∩ Uk are Schottky maps. According to [Mer14, Corollary 4.2], the equation
(5.2) holds at q˜0. Finally by the arbitrariness of q˜0 and the continuity, the equation
(5.2) holds also on P , on the peripheral circles and thus on the whole S. By the
definition of g˜ and f˜ , clearly (1) follows.
(2) Suppose ](Pf ∩ Ff ) < ∞ and ](Pg ∩ Fg) < ∞. Since Jf◦k = Jf , without
loss of generality, we assume the periodic Fatou components are fixed by f . In
the following argument, we always assume that the integer l in (5.2) is 1. Other-
wise, one can consider the l-th iteration of f . By Lemma 4.1, we get two families
{(U,ψU )}U∈Comp(Ff ) and {(V, ϕV )}V ∈Comp(Fg).
For each n ≥ 0, let Un be a component of Ff with n the minimal integer
such that f◦n(Un) is fixed. We also set Vn := ξ(Un), Wn := g◦m ◦ ξ ◦ f(Un),
Gn := ϕWn ◦ g◦m ◦ ϕ−1Vn , ξ˜n := ϕVn ◦ ξ ◦ ψ−1Un |∂D, Fn := ψUn−1 ◦ f ◦ ψ−1Un and
G˜n := ϕWn ◦ g◦m
′ ◦ ϕ−1Vn , where U−1 := U0.
Claim Each ξ˜n is a rotation and thus can be conformally extended to D.
Proof of the claim. For n = 0, we have f(U0) = U0. The (5.2) can be written as
(5.3) ϕW0◦g◦m◦ϕ−1V0 ◦(ϕV0◦ξ◦ψ−1U0 )◦ψU0◦f ◦ψ−1U0 = ϕW0◦g◦m
′◦ϕ−1V0 ◦(ϕV0◦ξ◦ψ−1U0 )
Firstly the Fatou components U0,W0 cannot be of geometrically attracting type
or of parabolic type (since #Ff ∩Pf <∞ and [Mil06, Lemma 8.5, Theorem 10.15]).
If U0 is supattracting, then we have deg(f |∂U0) > 1. This implies deg(g◦m|V0) <
deg(g◦m
′ |V0). Since both g◦m and g◦m
′
carry V0 onto W0 and the fact that periodic
Siegel cycles avoid critical points, the Fatou component W0 must be of periodic
superattracting type. According to Lemma 4.1 (3) and [BLM16, Lemma 7.1], we
see that ξ˜0(z) = ϕV0 ◦ ξ ◦ ψ−1U0 (z) = eiθz is a rational rotation.
If U0 is a Siegel disk, then deg(g
◦m|V0) = deg(g◦m
′ |V0). There are two cases:
m = m′ or m 6= m′.
If the former one happens, clearly the orbit V0 → · · · → g◦m−1(V0) → W0 may
hit Siegel disks or supattracting Fatou components of g. However, by Lemma 4.1
(2) (3), we can finally deduce that Pk ◦ ξ˜0 ◦ P1,θ = Pk ◦ ξ˜0 on ∂D for some integer
k ≥ 1 and irrational number 0 < θ < 1 from (5.3). It follows that ξ˜0 ◦P1,θ ◦ ξ˜0
−1
is
one of the k rational rotations P1, 1k , · · · , P1, k−1k , P1, kk . This is impossible as rotation
numbers are invariant under conjugation.
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If the latter case happens, that is, m 6= m′. Then W0 is a periodic Siegel disk of
g by a similar argument as above. The equation (5.3) gives
Pk ◦ ξ˜0 ◦ P1,θ = P1,η ◦ Pk ◦ ξ˜0 = Pk ◦ P1, ηk ◦ ξ˜0
for some integer k ≥ 1 and irrational numbers 0 < θ, η < 1 from Lemma 4.1.
Then ξ˜0 ◦P1,θ ◦ ξ˜0
−1 ◦P−1
1, ηk
is a rational rotation. It follows that ξ˜0 conjugates two
irrational rotations on ∂D. Then ξ˜0 is a rotation by Lemma 4.2.
By induction, for n = 1, 2 and so on, we have
(5.4) Hn := Gn−1 ◦ ξ˜n−1 ◦ Fn = G˜n ◦ ξ˜n on ∂D.
and so deg(Hn) = deg(G˜n). Note that on D the mappings Gn−1, ξ˜n−1, Fn, G˜n act
as z 7→ zδ or z 7→ e2piiθz. Then there exists an analytic lift
ξ˜′n : D \ {0} → D \ {0}
of Hn under the unbranched covering G˜n : D\{0} → D\{0} by [Hat02, Proposition
1.33]. We may also assume ξ˜′n(x) = ξ˜n(x) for an x ∈ ∂D. From (5.4), both ξ˜′n|∂D
and ξ˜n are of lifts of Hn|∂D. The unique lifting property [Hat02, Proposition 1.34]
implies that they are the same. Thus we have an analytic extension ξ˜n = ξ˜
′
n on
D \ {0} and ξ˜n(0) = 0. By (5.4) and induction, we know that ξ˜n is a rotation. 
We still write ξ˜n : D→ D after extension and modify ξ on each Fatou component
as follows,
ξ(z) =
{
ξ(z), if z ∈ Jf ,
ϕ−1Vn ◦ ξ˜n ◦ ψUn(z), if z ∈ Un for Un ∈ Comp(Ff ).
It is clear that ξ is a quasiconformal mapping on the sphere and is conformal except
on the Julia set Jf . The locally porous property implies that Jf has measure zero.
Thus ξ is a Mo¨bius transformation. The proof is complete. 
Proof of Theorem 1.4. Suppose that f is a semi-hyperbolic rational map whose Julia
set is a carpet, then Jf is locally porous by Theorem 3.8. If further the ω-limit sets
of the critical points of f are disjoint from the elements of the peripheral circles of
Jf , then Jf is quasisymmetrically equivalent to a round carpet by Theorems 1.1
and 1.2. According to Theorem 5.2, if ](Ff ∩ Pf ) <∞ and ](Fg ∩ Pg) <∞, then
any quasisymmetric homeomorphism ξ : Jf → Jg is the restriction of a Mo¨bius
transformation. 
5.3. The group of quasisymmetries is finite. For a given rational map f , we
use QS(Jf ) to denote the set of all the quasisymmetric homeomorphims that map
Jf onto itself. It is easy to see that QS(Jf ) forms a group which is nonempty since
the identity belongs to QS(Jf ).
Theorem 5.3. Let f be the rational map as stated in Theorem 5.2. Then the
quasisymmetric group QS(Jf ) is finite.
This theorem generalizes the result of [BLM16, Corollary 1.2]. Our strategy in
the proof here differs from [BLM16, Corollary 1.2] on handling the situation that ξ
is a parabolic transformation.
Proof. Without loss of generality, we assume that ](Pf ∩ Ff ) is finite. Otherwise,
we can do a surgery on the Fatou set such that f is quasiconformally conjugate
to a rational map, whose postcritical set is finite on the Fatou set, between their
Julia sets (see [BF14, §7]). By Theorem 5.2, we know that QS(Jf ) consists of the
restriction of Mo¨bius transformations.
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Firstly we claim that the group QS(Jf ) is discrete, i.e., there exists δ > 0 such
that
infh∈QS(Jf )\{idJf }
(
maxz∈Jfdistσ(h(z), z)
) ≥ δ.
If not, there exists a sequence of distinct elements {hk}k≥1 ⊆ QS(Jf ) converging
to idJf . Let C1, C2 and C3 be three different peripheral circles. Then the Hausdorff
distances between Ci and hk(Ci) tends to zero as k tends to ∞. Since all hk(Ci)
are either disjoint or coincides for k ≥ 1 and 1 ≤ i ≤ 3. It follows that hk(Ci) = Ci
for sufficiently large k. Note that for loxodromic or parabolic transformation g,
the sequence {g◦k}k≥1 converges locally uniformly to a constant on Ĉ \ Fix(g),
where Fix(g) is the set of all the fixed points of g. Thus hk can only be elliptic
(for the classification of Mo¨bius transformation, see [Bea83, p. 67]). However, an
elliptic element can not keep three disjoint Jordan domains fixed. Thus hk = id for
sufficiently large k, which is a contradiction. The claim follows.
Now letting ξ 6= idJf in QS(Jf ), we claim that ξ cannot be loxodromic and
parabolic. Indeed, otherwise, let p be a fixed point of ξ (repelling fixed point in
the loxodromic case). Since ξ keeps Jf invariant, it follows that p is buried in Jf .
Let U1 be a small clean neighborhood of p. Choose a clean domain U2 ⊆ U1 with
U2 ∩ Jf 6= ∅ such that
ξ−k(U2) ⊆ U1, k ≥ 0 and ξ−k(U2)→ p as k →∞.
Indeed, such U2 exists obviously in the loxodromic case. Since a parabolic Mo¨bius
transformation has a repelling petal near p, hence a clean domain in the petal is as
required.
In the following, we apply the same argument as the proof of Theorem 5.2. Let
E be a finite set of Ff containing at least three points such that E ∩U1 = ∅. Given
k ≥ 1, we set
m(k) := max{m; f◦m ◦ ξ−k(U2) ∩ E = ∅}.
Then as in proof of Theorem 5.2, the sequence of holomorphic mappings {f◦m(k) ◦
ξ−k|U2}k≥1 is a normal family. Then there exists a subsequence {hk := f◦mk ◦
ξ−nk |U2} converging locally uniformly to a non-constant holomorphic mapping h.
A similar argument as in Theorem 5.2 shows that hk = hk+1 on U2 for sufficiently
large k. Thus
f◦m = f◦m
′ ◦ ξ◦l on U ∩ Jf
for some m ≥ 1,m′ ≥ 1, l ≥ 1 and clean domain U . By the local uniqueness
of holomorphic mappings, we have f◦m = f◦m
′ ◦ ξ◦l on the whole sphere and so
m = m′ (by considering the degrees).
Take a point q ∈ Ĉ such that f−m(q) does not contain any fixed point of ξ◦l.
Since f◦m = f◦m ◦ ξ◦l, it follows that ξ◦l(f−m(q)) ⊆ f−m(q), which is impossible
if ξ is loxodromic or parabolic.
Thus QS(Jf ) consists of only elliptic transformations. By [Bea83, Theorem
4.3.7], elements of QS(Jf ) share a common fixed point. Since QS(Jf ) is discrete,
it follows that QS(Jf ) is finite. 
Proof of Theorem 1.5. Suppose that f is a semi-hyperbolic rational map whose
Julia set is a carpet and the ω-limit sets of the critical points of f are disjoint
from the elements of the peripheral circles of Jf , then Jf is locally porous and
quasisymmetrically equivalent to a round carpet by Theorems 3.8, 1.1 and 1.2.
Therefore, QS(Jf ) is finite according to Theorem 5.3. 
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6. An example of postcritically-infinite carpet Julia set
In this section, we will construct a carpet Julia set of a rational map such that
it is quasisymmetrically equivalent to a round carpet. However, the rational map
f is semi-hyperbolic and has an infinite critical orbit in Jf .
Let q : R/Z→ R/Z be the doubling map defined by q(t) = 2tmodZ and
(6.1) l(t) :=
{
2t if 0 ≤ t < 1/2,
2− 2t if 1/2 ≤ t < 1.
be the length of the component (R/Z)\{t, 1−t} containing 0. Let T (t) = min{2t, 2−
2t} be the tent map on the interval [0, 1]. One can easily check that
(6.2) T ◦ l(t) = l ◦ q(t)
for all t ∈ [0, 1]. Actually, the map l(t) is equal to T (t). We use these notations
here by following Tiozzo’s paper [Tio15, p. 675].
Lemma 6.1. Let 0 ≤ α ≤ 1 be a real number. Then α is rational if and only if α
is (pre-)periodic under the iteration of the doubling map q.
Proof. Obviously, this lemma holds for α = 0 or 1. Hence we assume that 0 <
α < 1. If α is (pre-)periodic, then there exist two different integers k1, k2 ≥ 0 such
that q◦k1(α) ≡ q◦k2(α) modZ. This means that there exists an integer k3 such that
2k1α = 2k2α+ k3. Then α = k3/(2
k1 − 2k2) is a rational number.
Conversely, we only need to prove that, if α = m/n is a rational number with
the simplest expression, where n is odd, then α is periodic under q. Consider the
restriction of q on the set S := {0, 1/n, · · · , (n− 1)/n}:
h := q|S : t
n
7→ 2 tmod n
n
.
We claim that h is injective. Indeed, if h(t1/n) = h(t2/n), then 2(t1 − t2) = k n
holds for some integer k. Since n is odd, it follows that k is even and |t1 − t2| =
|k2 | · n ≤ n− 1. This means that k = 0 and t1 = t2. The finiteness of the cardinal
number of S implies every element in S is pre-periodic under h. Then each element
in S is periodic. Otherwise, there will be at least two elements which are mapped
to the same element. This contradicts with that h is a injection. 
In the following, based on the combinatorial theory of quadratic polynomials
and renormalization theory, we shall construct a critically-infinite semi-hyperbolic
McMullen map whose Julia set is quasisymmetrically equivalent to a round carpet.
Theorem 6.2. There exists a suitable parameter λ > 0 such that the McMullen
map
(6.3) fλ(z) = z
d + λ/zd
is semi-hyperbolic, the critical orbit in the Julia set is infinite and the corresponding
Julia set is quasisymmetrically equivalent to a round Sierpin´ski carpet, where d ≥ 3.
Proof. We divide the construction into three main steps as following.
Step 1. For a given irrational number α ∈ (0, 1), one can write it as an infinite
binary sequence α = 0.a1a2a3 · · · by Lemma 6.1, where ai ∈ {0, 1}. Define a binary
number
θ := 0.0 1 · · · 1︸ ︷︷ ︸
100
0 · · · 0︸ ︷︷ ︸
b1
1 · · · 1︸ ︷︷ ︸
b2
0 · · · 0︸ ︷︷ ︸
b3
· · · ,
where bi = ai + 1 for i ≥ 1. Then 1 ≤ bi ≤ 2 and we have:
24 W. QIU, F. YANG, AND J. ZENG
• The number θ ∈ (0, 1/2) is irrational. If not, by Lemma 6.1, the number θ will
be eventually periodic under the iteration of the doubling map q. Then there exist
m ≥ 2 and p ≥ 2 such that
q◦n(θ) = 0. 1 · · · 1︸ ︷︷ ︸
bm
0 · · · 0︸ ︷︷ ︸
bm+1
· · · 1 · · · 1︸ ︷︷ ︸
bm+p−2
0 · · · 0︸ ︷︷ ︸
bm+p−1
,
where n = 101 + b1 + · · · + bm−1. This means that the sequence bm, · · · , bm+p−1,
bm+p, · · · , bm+2p−1, · · · , is periodic with period p. Therefore, the sequence am, · · · ,
am+p−1, am+p, · · · , am+2p−1, · · · is also periodic with period p since ai = bi− 1 for
each i. Then α = 0.a1 · · · am−1amam+1 · · · am+p−1 is a rational number by Lemma
6.1. This is a contradiction since α is irrational.
• Define a rational number with the binary form
θ′ := 0.0 1 · · · 1︸ ︷︷ ︸
99
.
Then 0 < θ′ < θ < 1/2 and θ′, θ are very close to 1/2. We have
l(θ′) = 0. 1 · · · 1︸ ︷︷ ︸
99
0 1 · · · 1︸ ︷︷ ︸
99
and l(θ) = 0. 1 · · · 1︸ ︷︷ ︸
100
0 · · · 0︸ ︷︷ ︸
b1
1 · · · 1︸ ︷︷ ︸
b2
0 · · · 0︸ ︷︷ ︸
b3
· · · .
For any n ≥ 2, by a direct calculation, it is easy to check that
(6.4) 0 < l(q(θ)) < l(q(θ′)) < l(q◦n(θ)), l(q◦n(θ′)) < l(θ′) < l(θ).
• Define a set
(6.5) R := {t ∈ R/Z : T ◦n(l(t)) ≤ l(t) for all n ≥ 0}.
By (6.2) and (6.4), we have θ′, θ ∈ R.
Step 2. Construct a quadratic polynomial Pc(z) = z
2 + c with the following
properties:
(1) The critical orbit O+Pc(0) = {P ◦nc (0) : n ≥ 0} is contained in the Julia set of
Pc and the cardinal number of O+Pc(0) is infinite.
(2) The critical point 0 is non-recurrent and the ω-limit set of 0 does not contain
the β fixed point of Pc. Recall that a β fixed point of a polynomial is the landing
point of dynamical external ray with angle zero.
The set R defined in (6.5) is exactly the set of all angles of parameter rays whose
prime-end impression intersects the subset R ∩M = [−2, 1/4] of the Mandelbrot
set M (see [Tio15, Proposition 8.4, p. 677]). By [Zak03, Theorem 3.3], there exists
a real number c := c(θ) ∈ [−2, 1/4] in the boundary of the Mandelbrot set such
that c is contained in the prime-end impression of the parameter rays RM (±θ) since
θ ∈ R. Moreover, on the dynamical plane, the dynamical rays Rc(±θ) land at the
critical value c of Pc(z) = z
2 + c.
In fact, such c is unique. Otherwise, suppose that there exists another c′ 6= c,
such that c′ is contained in the prime-end impression of the parameter rays RM (±θ).
By the density of hyperbolic parameters in R ∩M (see [GS97] and [Lyu97]), there
is a real hyperbolic parameter c˜ between c and c′ with a pair of rational parameter
rays landing at it. This means that c′ and c cannot lie in the same prime-end
impression of RM (±θ) at the same time, which is a contradiction.
Now we prove that the quadratic polynomial Pc is the desired map. Again by
[Tio15, Proposition 8.4], the parameter rays RM (±θ′) land at a parabolic parameter
c0 ∈ R since θ′ ∈ R is a rational number. These two rays together with their landing
point RM (θ
′) ∪ RM (−θ′) ∪ {c0} bounds a wake W 3 {−2} with the following
property: The quadratic map Pξ(z) = z
2 + ξ has a repelling periodic point with
exactly two dynamical rays Rξ(±θ′) landing at if and only if ξ ∈ W (see [Mil00,
Theorem 1.2]). By the construction in Step 1, we have 0 < θ′ < θ < 1/2. Then
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RM (±θ) ∪ {c} ⊆ W and hence Rc(±θ′) land at a repelling periodic point of Pc on
the real line. Also, the image Rc(±q(θ′)) of Rc(±θ′) land at some point on the real
line.
Denote by H the simply connected domain bounding by the four dynamical rays
Rc(±θ′) and Rc(±q(θ′)). The two dynamical rays Rc(θ) and Rc(0) are contained
in different components of C \ H. Moreover, all the dynamical rays Rc(±qn(θ)),
where n ≥ 2, are contained in H by the definition of R and θ′. This means that
the collection of their landing points
⋃
n≥2 P
◦n
c (c) are contained in H. Therefore,
the critical value c (which is the landing point of Rc(±θ)) and the β fixed point of
Pc are not contained in the ω-limit set of the origin.
Step 3. Construct the semi-hyperbolic rational map fλ whose Julia set is
quasisymmetrically equivalent to a round carpet. Consider the McMullen map
fλ(z) = z
d + λ/zd, where λ ∈ C \ {0} and d ≥ 3. The free critical points of fλ are
2d-th unit roots of λ. They are either escaping to ∞ or have bounded orbits at the
same time. The non-escaping locus of fλ is defined as
Λd := {λ ∈ C \ {0} : The free critical orbits of fλ are not attracted by ∞}.
See left picture in Figure 3 for the non-escaping locus of fλ when d = 3.
Figure 3: The non-escaping locus Λ3 of fλ (the left picture) contains infinitely many
homeomorphic copies of the Mandelbrot set.
According to [Ste06, Theorem 9, p. 178], there exists exactly one copy M of
the Mandelbrot set of order one in Λd ∩ {λ ∈ C∗ : | arg(λ)| < pi/(d − 1)} (Note
that there exists a semiconjugacy between fλ and the rational map discussed in
[Ste06, Theorem 9]). The copy M is symmetric with respect to the positive real
axis. Moreover, there exists a homeomorphism Φ : M → M such that, for every
λ ∈ R+ ∩ M = R+ ∩ Λd, there is a corresponding parameter Φ(λ) ∈ [−2, 1/4]
and the Julia set Jfλ contains an embedded set J˜PΦ(λ) , which is homeomorphic
to the Julia set of the quadratic polynomial PΦ(λ)(z) = z
2 + Φ(λ). Moreover, the
restriction of fλ in a neighborhood of J˜PΦ(λ) is quasiconformally conjugated to the
restriction of PΦ(λ) in a neighborhood of JPΦ(λ) .
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Let λ0 = Φ
−1(c) ∈ M ∩ R+, where c = c(θ) ∈ (−2, 1/4) is the real parameter
on the boundary of the Mandelbrot set determined in Step 2. By the symmetry
of McMullen maps, all 2d free critical points of fλ0 are non-recurrent and they
have infinite forward orbits. This means that fλ0 is semi-hyperbolic (and not
sub-hyperbolic). Let B∞ be the immediate attracting basin of ∞ of fλ0 . Then
J˜PΦ(λ0) ∩ B∞ = {zλ0}, where zλ0 is the image of the β fixed point of JPc under
the quasiconformal conjugacy stated above [QXY12, Lemma 4.1]. Note that B∞ is
the unique periodic Fatou component of fλ0 , it follows that the ω-limit sets of the
critical points of fλ0 are disjoint from the periodic Fatou component of fλ0 by the
construction of Pc.
By [QXY12, Lemma 4.4], the Julia set of fλ0 is a Sierpin´ski carpet. By Theorem
1.2, the peripheral circles of Jfλ0 are uniform quasicircles and uniformly relatively
separated. By Bonk’s criterion ([Bon11, Corollary 1.2]), the Julia set of fλ0 is
quasisymmetrically equivalent to a round carpet, as desired. 
Remark. One can refer [GZ15] for the study of the generalization of the first and
second steps in the proof of Theorem 6.2.
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